Abstract. In this short note we extend Hamilton's advanced maximum principle for Ricci flow on closed manifolds to the case of manifolds with boundary, which also generalizes a Hopf type theorem of Shen.
Introduction
In his important 1982 paper [H1] , Hamilton introduced Ricci flow and used it to prove that any closed three-manifolds with positive Ricci curvature is diffeomorphic to a spherical space form. In 1986 Hamilton [H2] introduced an advanced maximum principle for closed manifolds with metric evolving by Ricci flow, and using it he was able to prove that any closed 4-manifold with positive curvature operator is diffeomorphic to a spherical space form, in addition to giving a simplified proof of his 1982 3-dimensional result.
Later, Hamilton [H3] [H4] and Ivey [I] proved independently an important pinching result for 3-dimensional Ricci flow using Hamilton's advanced maximum principle. For recent applications of Hamilton's advanced maximum principles see for example Böhm and Wilking [BW] , Brendle and Schoen [BS] .
In this short note we extend Hamilton's advanced maximum principle for Ricci flow on closed manifolds to the case of manifolds with boundary. For other extensions of Hamilton's advanced maximum principle see for example Cao and Zhu [CZ] , Chow and Lu [CL] . For other work on Ricci flow on manifolds with boundary see for example Shen [S] and Cortissoz [C] .
Below we will follow closely the notations in Hamilton [H2] (see also the presentation in [CZ] ). Let M be a compact manifold with boundary with a one-parameter family of Riemannian metrics g ij (t), 0 ≤ t ≤ T with T < ∞ (we have g ij (t) obey the Ricci flow equation in mind). We assume that M satisfies the following interior ball condition: for any x ∈ ∂M and any t ∈ [0, T ) there exists a geodesic ball in M (w.r.t. g ij (t)) which is tangent to ∂M at x.
Let π : V → M be a vector bundle with a fixed (i.e. time-independent) bundle metric h ab . We equip V with a family of time-dependent connections ∇ t compatible with h ab . We define the Laplacian ∆ t acting on a section σ ∈ Γ(V ) by
Let N be a time-dependent section of the bundle π * (V ),which may be seen as a time-dependent vector field N (x, σ, t) on the bundle V which is tangent to the fibers. We assume N (x, σ, t) is continuous in x, t and Lipschitz continuous in σ with Lipschitz constant C (independent of x and t).
We will consider sections of V which satisfy the following (PDE)
, where u i is a time-dependent vector field on M . Let K be a closed subset of V which is invariant under parallel translation defined by the connection ∇ t for each t ∈ [0, T ], and we assume that
For convenience we recall some notions about convex sets. Let Z be a closed convex subset of R n and ϕ ∈ ∂Z. We denote by T ϕ Z the tangent cone to Z at ϕ which is the smallest closed convex cone containing Z with vertex at ϕ, and by S ϕ Z the set of support functions l for Z at ϕ, which are linear functions on R n satisfying |l| = 1 and l(ϕ) ≥ l(η) for all η ∈ Z.
Now we can state our theorem which extends Hamilton's advanced maximum principle in [H2] for Ricci flow on closed manifolds to the case of manifolds with boundary, which also generalizes a Hopf type theorem of Shen in [S, Lemma 4 .1] ( by the way, it seems that Lemma 4.1 in [S] contains some non-essential assumption; compare with [C] ).
Theorem Let M ,V ,N and K be as above. Assume that for any x ∈ M and any t 0 ∈ [0, T ), any solution ρ x (t) of the (ODE) dρx dt = N (x, ρ x , t) which starts in K x at t 0 will remain in K x for all later times. Moreover, assume that for any x ∈ ∂M , t ∈ [0, T ) and any η ∈ ∂K x , the solution σ of (PDE) satisfies η + (∇ t ) ν σ(x, t) ∈ T η K x , where ν is the unit outward normal vector to ∂M at (x, t). Then for any t 0 ∈ [0, T ) the solution σ of the (PDE) will remain in K for all later times provided it starts in K at t 0 .
In the following section we will give a proof of our theorem. In forthcoming papers we will generalize the Hamilton-Ivey pinching theorem to the case of manifolds with boundary, and we will try to generalize Hamilton's 4-dimensional theorem in [H2] as applications of our theorem.
Proof of Theorem
Proof We will adapt Hamilton's idea in [H2] to our case. Let s(t) = sup x∈M {inf {|σ(x, t) − η|η ∈ K x }} for each t ∈ [0, T ]. Then s(t) is Lipschitz continuous, and we define
as usual. Note also that for each t ∈ [0, T ] there exist x ∈ M, η ∈ ∂K x and l ∈ S η K x such that l(σ(x, t) − η) = s(t).
We will prove by contradiction that
dt ≤ 2Cs(t) for any t ∈ [0, T ), where C is the Lipschitz constant of N (x, σ, t) (w.r.t. σ) as above. Suppose this is not the case. Note that by [H2] ( see also [CZ] Lemma 2.3.3) we have
where the sup is over all x ∈ M, η ∈ ∂K x and l ∈ S η K x such that l(σ(x, t) − η) = s(t). So we can find t 0 ∈ [0, T ), x 0 ∈ M, η 0 ∈ ∂K x0 and l 0 ∈ S η0 K x0 such that l 0 (σ(x 0 , t 0 ) − η 0 ) = s(t 0 ) and
. Now we extend η 0 and l 0 respectively by parallel translation along geodesics emanating radially from x 0 (w.r.t. g ij (t 0 )), and we denote what we get by η and l respectively. Then by our assumption on K we still have η ∈ ∂K x and l ∈ S η K x .
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By our assumption on (ODE) and a lemma in [H2] ( see also [CZ] Lemma 2.3.4) we have η + N (x, η, t 0 ) ∈ T η K x which implies l(N (x, η, t 0 )) ≤ 0, and as in [H2] we have
0 ) − η| using our assumption on N . Moreover, it is easy to see that the function l(σ(x, t 0 ) − η) has a local maximum at x 0 . Now in a sufficiently small neighborhood of x 0 we have
i (x, t 0 )(∇ t0 ) i l(σ(x, t 0 ) − η) + C|σ(x, t 0 ) − η|. So ∆ t0 l(σ(x, t 0 ) − η) + u i (x, t 0 )(∇ t0 ) i l(σ(x, t 0 ) − η) > 0 in a sufficiently small neighborhood of x 0 . It follows that x 0 ∈ ∂M , and by Hopf's lemma we have ∂ ∂ν | x0 l(σ(x, t 0 ) − η) > 0. But by our assumption we have η 0 + (∇ t0 ) ν σ(x 0 , t 0 ) ∈ T η0 K x0 which implies l 0 ((∇ t0 ) ν σ(x 0 , t 0 )) ≤ 0, so ∂ ∂ν | x0 l(σ(x, t 0 ) − η) ≤ 0, and we arrive at a contradiction. Then by a standard lemma ( see [H2] or [CZ] Lemma 2.3.2) s(t) = 0 on [0, T ], and we are done.
